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Abstract
The uncertainty of calculating the time constant of the quadrifilar reversed resistor has been analyzed with the aim of determining
the loss angle of a capacitor in terms of the calculated time constant. The results showed that the time constant of our resistor was
calculated to be 1.31 X10° s with a standard uncertainty of 6.0 X 10" s.

1. Introduction

Recently, precision impedance meters such as LCR meters
have become commercially available and widely used in
industry. One of the most important standards required for
calibrating impedance meters is the capacitance standard. In
response to industrial needs, the National Metrology Institute
of Japan (NMIJ) has been engaged to establish a system for
providing the capacitance standard V.

Another important quantity for calibrating impedance
meters is the dissipation factor or the loss angle of a capacitor.
Industrial demand for a standard for the loss angle of a
capacitor has been increasing year by year.

An absolute determination of the loss angle of a capacitor
can basically be realized by a variable capacitor with adjustable
electrode spacing 23). Although this method allows highly
accurate measurements, it is not easy to realize the variable
capacitor with sufficient accuracy. Another approach is to use a
calculable AC resistor, with which the loss angle of a capacitor
can be measured with reference to the time constant of a
calculable AC resistor 9-9, The NMIJ is planning to realize
the standard for capacitor loss angle by using the latter
method.

Before this method can be used, however, the calculation
accuracy of the time constant must be investigated in order to
know the measurement capability of the loss angle on the
basis of the calculable time constant. This paper describes the
analysis and estimates the uncertainty of determining the time
constant of the quadrifilar reversed type of calculable resistor,
as the basis for realizing the standard for capacitor loss angle.
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2. Time constant

Three types of calculable AC resistor are widely known: the
coaxial type, the bifilar type and the quadrifilar reversed type.
We used a quadrifilar reversed resistor of 10 kQ for this
analysis. Figure 1 shows a schematic drawing of the quadrifilar
reversed resistor, which is constructed with a double loop of
resistive wire and a cylindrical shield. This type of calculable
resistor was originally developed by D. L. H. Gibbings ” and
calculated in detail by J. Bohacek 48, According to their
calculations, the time constant ¢ of the quadrifilar reversed
resistor is given by

figure 1. Schematic drawing of the quadrifilar
reversed resistor.
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P (L-8M +4M2)—-§-(5C, +3C,~C, +6C, +6C,) N

where R is the resistance of the wire of 10 kQ, L the self-
inductance of the wire, M; the mutual inductance between
adjacent wires, M, the mutual inductance between diagonally
opposite wires, Cy the capacitance between the total length of
the wire and the outer shield, C; the total capacitance between
adjacent wires, C, the total capacitance between diagonally
opposite wires, C; the capacitance between the terminal leads,
and C, the external capacitance added to the terminals for
adjusting the time constant.

The self-inductance L and the mutual inductance M; and M,
can be written as in 4

- 24, 2 4,
LNTI(IHT—1+T) )
Ho / 2c 1{2
M=) In—-1+=-— =
‘ n[ c 1 (1” ®)
Ml 126 1(2Y
M2 ~—l|:ll’l 1 —I——Z(—l—j (4)

where wuo is the permeability in vacuum of 4 = x107, 4 the
relative permeability of the wire, and r the radius of the wire.
Also, as shown in Figure 1, | is the folded length of the wire, 2b
the wire spacing between diagonally opposite wires, and 2c the
wire spacing between adjacent wires.

The capacitances Cy, Cy, C, in (1) are given by the following
equations 4.

41
Cp=rr—— 5)
’ P+ p,+2p,
bl
C= s (6)
(pl + p2)2 -4p?
_ 2
C, —i— P (At p) 221?3 o
(pl - P )|:(p1 + pz) - 41732}
where the potential coefficients are
1 In a’*-b*
2 2ne.g, ar ®)
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1 a + b
= 1 9
Pa 27E,g, 2ab ©
4 4
p=— _p¥EtE (10)
27, &, 2ac

In (8)-(10), & is the permittivity in vacuum, g the relative
permittivity of the medium surrounding the wire, and a the
radius of the cylindrical shield.

For the terminal capacitance of C;, the same equation by
which the capacitance between two wires of the bifilar type
resistor can be calculated, is used. This was previously
analyzed ® and is given by

C, = Zqzll 5 (11)

4 — 49,

where
1 4a* - d?
= In 12
H = e, [ 4ar ] (12)
d 2

= inj1+|£-2£ 13
% 4ms, g, { [d 4a) } 13)

As shown in Figure 1, d is the terminal lead spacing, and I; is
the length of the terminal leads.
The values listed in Table 1 were used to calculate the time

Table 1. Values of parameters used for calculating
the time constant.

Parameter Symbol Value Unit
Folded length of wire { 407 mm
Wire radius ¥ 8 pm
Shield radius a 47.5 mm
Wire spacing 14.1 mm
Wire spacing c 10 mm
Length of terminal lead I 5 mm
Terminal lead spacing d 20 mm
Relative permeability of Yy 1
wire
Relative permittivity of & 1
medium
Potential coefficient p 1.55x10"

Potential coefficient D2 1.08x10%°
Potential coefficient s 1.56x10'°
Potential coefficient q 1.55x10"
Potential coefficient 9 1.63x10'°
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constant. The inductances and capacitances required for (1)
were obtained as shown in Table 2. Using (1), therefore, the
time constant ¢ of the quadrifilar resistor in this analysis was
calculated to be 1.31 x10° s. To evaluate the uncertainty of this
result, we analyzed the uncertainties of all values in Table 1.

Table 2. Values of resistance, inductance and capacitance of
the quadrifilar reversed resistor.

Quantity Symbol Value Unit
Resistance of wire R 10.00 kQ
Self-inductance of wire L 3.51 pH
Mutual inductance M, 0.22 pH
between adjacent wires
Mutual inductance M, 0.20 puH
between diagonally
opposite wires
Capacitance between Co 8.28 pF
wire and shield
Capacitance between C 0.24 pF
adjacent wires
Capacitance between C 0.14 pF
diagonally opposite
wires
Terminal capacitance C, 3.42 fF
External capacitance C, 1.00 pF
Time constant T 1.31x10° s

3. Uncertainty analysis

With reference to the Guide to the Expression of Uncertainty in
Measurement, the combined standard uncertainty of the time
constant, uc( ¢ ), is obtained from (1), as

ul(r)= [c‘u(R)]2 + [czu (L):|2 + |:c3u(MI )]2 + |:c4u(Mz)]2 + [csu(Co)]2
+[csu (c )]2 + |:c7u (Cz)]2 + [cgu (c, )]2 + [cgu(Ca )]2

(14)
where ¢1,C,, **+, Co are the sensitivity coefficients which are
given by

o
' OR
1
(231, +4M2)—%(5Cl +3C, - C, +6C, +6C,)
=8.06x10™" @15)
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¢ =%=—= 1.00x10™ (16)
¢ =~a‘%= _%= -8.00x10™ an
.= 6‘;;2 =%= 4.00x10" (18)
< =%=§= 1.67x10° (19)
G = aicrl“ =28 33a0° (20)
i =%=——§=—5.00x103 @D
Cs =%=-R= -1.00x10* (22)
¢ :%=~R=-1.00x104 (23)

a

3.1. Resistance of the wire; u(R)

The resistance of the quadrifilar reversed resistor was calibrated
against the Quantized Hall Resistance (QHR). The QHR system
realized at the NMIJ provides calibrations of 10 kQ resistance
with a relative standard uncertainty of 0.03 x(/Q. Thus, the
standard uncertainty of the resistance of the wire, u(R), was
estimated to be 0.3 mQ.

3.2. Self-inductance of the wire; u(L)

As shown in Table 1, the relative permeability of the wire was
assumed to be u, = 1. Thus, from (2), the uncertainty in the
derivation of the self-inductance of the wire, u(L), can be
written as

(L) =[eQu(l) ] +[enu(r)T (24)
where the sensitivity coefficients of c;; and ¢y, are
o= =ﬁ[m2~1+i‘-’— =9.42x10° (25)
o r 4
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e =S 2 4 07x10? (26)
or nr

The uncertainty components that contribute to u(L) are
restricted to the uncertainty of the folded length of the wire
u(l) and the uncertainty of the wire radius u(r). The wires are
folded on two supporting rods as shown in Figure 1, which can
be moved for adjusting the strain of the wire. The distance
between two supporting rods can easily be measured with an
accuracy of 5 mm, so that the folded length of | was estimated
to be within == 5 mm. Also, the accuracy of the wire radius was
estimated to be within = 1 um with reference to the
manufacturer's specification. Assuming the rectangular
distribution for each component, the standard uncertainties of
the folded length u(l) and the wire radius u(r) were estimated
to be 2.89 mm and 0.577 um, respectively. Consequently, from
(24), the standard uncertainty of u(L) can be estimated to be
0.036 xH.

3.3. Mutual inductance between adjacent wires ; u(M;)

From (3), the uncertainty in calculating the mutual inductance
between adjacent wires, u(M;), can be written as

u* (M) = I:c3,z¢(1):|2 + |:c32u (c):|2 27

where cs;and ca, are

oM, | 1 1(2Y ’

6, =—t="01n+ 2| 2| |=7.41x10

YITA 2| e 4l * (28)
UM, p (1 2 _ "

Cyy = P 2”[C+—l~—2)w-7.75x10 (29)

The uncertainty components that contribute to u(M,) are
the uncertainty of the folded length of wire u(l) and the
uncertainty of the wire spacing between adjacent wires u(c).
The estimation of u(l) is the same as in 3.2. The probability
distribution of the wire spacing 2¢c was assumed to be
rectangular with an interval of 20 =5 mm. Thus, the standard
uncertainty of u(c) was estimated to be 1.44 mm, and the
standard uncertainty of u(M;) was calculated from (27) to be
0.011 wH.
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3.4. Mutual inductance between diagonally opposite wires;
u(M,)
From (4), the uncertainty of the mutual inductance between
diagonally opposite wires, u(M,), is given by

u*(M,)= [c‘“u(l)]2 + [q‘zu(b)]Z (30)

where c4; and ¢4, are

M, u|. 1 1(2Y p
Ca LEli:E,o?{lan[T) J=6.72><107 (31)

M, __,uo(l 2b
b 2«

.l;+_l--2]=-5.37x10‘ (32)

As in (30), two components, that is, the uncertainty of the
folded length u(l) which was estimated above, and the
uncertainty of the wire spacing between diagonally opposite
wires u(b) contribute to u(M,). It is supposed that the wire
spacing 2b has a rectangular distribution of 28 £7.1 mm
because the relation of 2b= /2 x 2c exists as shown in Figure 1.
Thus, the standard uncertainty of u(b) was estimated to be
2.04 mm, and the standard uncertainty of u(M,) was calculated
from (30) to be 0.011 4H.

3.5. Capacitance between the wire and the outer shield; u(Cy)
The uncertainty equation with respect to the derivation of C,

which means the capacitance yielded between the total length
of the wire and the shield, is given from (5), as

u*(C,) = [cﬂu(pl)]2 + [cszu(pz)]2 + [csju(pJ)}2 + [054"(1)]2 (33)

where the sensitivity coefficients using the values listed in
Table 1 are

ac, 4,
s =—°—=——~—f—=-4.21><10'23 (34)

ap, (P1+P2+2P3)2

Cpmalme M 421x107 (35)
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Cy = ic—o— = ~'—-—§l—~———2— = -8.42X10‘23 (36)
op, (P] + Py + 2]73)
ac,
Cgy = —2 4 —203x10" @3N

o p+p+2p

Moreover, from (8)-(10), the following equations can be
derived:

(p)= l:cm,u(a)j2 + [cmu (b):]2 + [cmu(r)]2 (38)
() = exmu(a)] +[exu(8)] (39)
u’ (ps ) = [030114(‘1):]2 + [630214([))]2 + [csosu(c)]z (40)
where
op, a+b 1
oo =P T 459410
®a 275.6a(a - ) * “n
op, b 1
R R L iy 3}
[ T (az - bz) 2.47x10 (42)
C3 = 9& = ! = -2.25><1015 (43)
or 27E, g,
dp, a - b 1
=%____ 279 __-317x10 44
=g 27, 6,a(a* +b7) ) “9
0 el n
T Py v “
ap, a*-b* 1
=~ =3.73x10
E P 27[6,,800(04 + b“) i (“0)
ap, b 10
B —— I+ ] 23 [}
o = oy (a4 " b‘) X (47)
I S B
Cioy = o = 27[5,300 1.80x10 (48)
Substituting (38)-(40) into (33), we obtain
u’ (Co) = [(CSICIOI )2 + (cszczm )2 + (053"301 )z]uz (a)
+ [:(0515'102)2 + (Cszczoz )Z + (cssczoz )2 :| ul (b)
+ [:cﬂcmu(r)]2 + |:c53c303u (c):|2 + [cgu (l)]2 (49)
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For u(Cy), therefore, five sources of uncertainties, which
comprise the uncertainties of the shield radius u(a), the wire
spacing u(b) and u(c), the wire radius u(r), and the folded
length u(l), must be analyzed. Four of five have already been
estimated as described above. Supposing that the dimension of
the cylindrical shield was manufactured with the accuracy of
+1 mm, then the standard uncertainty of u(a) in the
assumption of rectangular distribution was estimated to be
0.577 mm. Thus, the standard uncertainty of u(Cy) can be
derived from (49) to be 0.252 pF.

3.6. Capacitance between adjacent wires; u(C,)

The uncertainty equation in the calculation of the total
capacitance between adjacent wires, u(C;), can be derived
from (6), as

w'(C)= [Cslu(pl )]2 + [cszu(pz )]2 + {663”(173 )]2 + [Cau(l)]Z (50)

and the sensitivity coefficients are

Cq=ot=n BT o 3024002 (51)
P [(a+r) -4p?]
oC 2p
o=t B (”;“Lpz) 5= -3.02x10% (52)
P, I:(p]+p2) -4p?
2 2
4
Co = %C_l - l__(£_17_2)2;p_37 = 1.66x107 (53)
s |:(P1 +172) —4[’32
Cey :%:—-—1—732————2= 5.92x10" (54)
(p] + pz) —4p,
Substituting (38)-(40) into (50), we obtain
u’ (Cl )= l:(celclol )2 + (Cszczm )2 + (Ceacsm)z:|u2 (a)
+[ (o) + (cam)” +(cacia)’ |42 (6) (55)

+ [célcmu (r)]2 + [c63c303u(c):|2 + [c“u (l)]2

In (55), using the values estimated in the previous sections,
the standard uncertainty of u(C,) was estimated to be 0.044 pF.

20040 100



Yasuhiro Nakamura, Hiroyuki Fujiki

3.7. Capacitance between diagonally opposite wires; u(C,)
From (7), the uncertainty of calculating the total capacitance

3.8. Capacitance between the terminal leads; u(Cy)
From (11), the uncertainty with respect to the terminal

between diagonally opposite wires, u(C,), is given by capacitance, u(Cy) is given by

ul (cz) = |:c7lu(pl):|2 + [07214(172):]2 + [cuu(Ps ):I2 + [Cu“(l)]z (56) u’ (Cr ) = [cmu(q])]z + [Cszu(%)]z + [cmu(l, )]2

(62)
where where the sensitivity coefficients are
aCZ
e =T
" ap, Cy = %SL = —% = 4.45x107 (63)
) -
_y P, (p] - pz)[(pl +p; )2 - 4[732:' - |:P2 (Pl + pz) - zpsz} (ql 7 )
- 2
(2.-p:) | (B + p) -4 (g +q
[ :| o =%= t (ZII 2qzz) =2.14x10% (64)
, -
|:(p1 "'172)2 _41732 +2(1’12 ‘pzz):i (ql qz)
ac/ q -13
=-1.57x107™ Coyy =7 = 2 =6.84x10
* 67 A, g-g (€5)
aC . .
Cry =; Moreover, from (12) and (13), the following equations can be
2

derived:
_(m+2e)(n ~p)[(m+2.) =40 |+ [ ma(p+ 1)~ 2]

(pi=p.) [(5r+ 22) -4 ]

u’ (a)= |:C401u (a)]2 + [szu (d)]2 + [szu(r)]z (66)
[:(Pl + pz)2 -4p’ - 2(1712 - pzz):l
2
u*(q,) = [csmu(a)] + [Cmu(d):]2 (67)
=1.81x107" (58) where
acC. 4pl(p,+p 2 2, g2
ey, :#:__LL;—JT=-6.05><1024 (59) Cony =%=’$dz—r=4-l4x10” (68)
Ps [(pl + pz) —-4p32} oa 21t8,800(4a -d )
oc, PP+ p) 20 13 0g, d
= —t= =3.45x10 (60) Chpp ==~ = -8.34x10"° (69)
o (p- pZ)[(pl + pz)2 - 4p32} v ood T (4a2 - dz)
Substituting (38)-(40) into (56), we obtain o = G ___ 1 _ -2.25x10% (70)
or 27e, €,
ul (Cz) =|:(C7lcmx )2 +(C726201)2 +(C73c‘301)21u2 (a) 5 (ﬂ‘i)(l+%]
= d_4al\d 4; 2_=3.46x10" 1)
a
+ [(cﬂcm)2 +(CrCs )’ + (¢C3)" 1 u*(b) 27, g, {1 + LE -~ Z;] }
+[c716103u(r)]2 + [cnczozu(c)]z * [6741‘ (l):lz (61) [ﬁ — iJ[i + vlv)
2
SR ENERC A PIC L) B VST (72)
od a d
ZnS,S{I +(d _4‘] }
Therefore, the standard uncertainty of u(C,) was calculated to “
be 0.043 pF.
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Substituting (66) and (67) into (62), we obtain

u’ (Cr) = |:(Ca1c401 )2 +(Cplsn )Z}uz (a)
+ I:(CBICM)Z )2 +(CpCsn )Z:I u ()
+|:c31c‘mu(r):|2 + [c83u(l, )]2

(73)

Therefore, to estimate the uncertainty of the terminal
capacitance u(C,), the uncertainty due to the terminal lead
spacing u(d) and the uncertainty due to the length of the
terminal leads u(l;) need to be evaluated. In the resistor used
in this analysis, however, the terminal leads are mostly
shielded in order to minimize the terminal capacitance of C..
Thus, the uncertainty of u(l)) means the imperfection of the
shielding for the terminal leads. Because the unshielded
length of the terminal leads was estimated to be I =5 +5 mm,
the standard uncertainty of u(l;) was calculated to be 2.89 mm,
assuming the rectangular distribution for I.. Also, the spacing
between the terminal leads was assumed to be d =20 =10 mm
in the rectangular distribution, so the standard uncertainty of
u(d) was estimated to be 5.77 mm. Consequently, the
uncertainty of u(Cy) was evaluated using (73) to be 2.22 fF.

3.9. External capacitance added to the terminals; u(C,)

By externally connecting a variable capacitor to the terminals,
the time constant of the resistor is reduced almost to zero. The
capacitance added to the terminals was measured by using a
precision capacitance meter (AH 2500), which was calibrated
against the NMIJ standard of capacitance. From the
measurements, the standard uncertainty of u(C,) was
evaluated to be 0.58 fF.

Table 3 summarizes the results of the uncertainty analysis
described above. Consequently, substituting these estimated
values of uncertainties listed in Table 3 into (14), we
determined the combined standard uncertainty u,( =) in the
calculation of the time constant to be 6.0 x10*s.

This result means that the phase angle of the resistor wr
can be determined with the standard uncertainty of 6.0 < 10°
rad at an angular frequency of «= 10* rad/s. Therefore, with
the quadrature bridge that can relate resistance to capacitance
with the relative standard uncertainty of a few parts in 108 [1],
the loss angle of a capacitor is expected to be determined with
the uncertainty of a few parts in 10° rad in terms of the
calculable time constant.
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Table 3. Uncertainty budget for determining the time constant
of the quadrifilar reversed resistor.

Standard Sensitivity
. Symbol
Source of uncertainty Type uncertainty  coefficient \C,lu(x,)
X
u(x;) Ci
Resistance of wire uR) A 03mQ ¢ 8.06x107™* 0.00x10™
Self-inductance of wire  #(L) B 0.036 pH ¢, 1.00x10" 0.04x10™°
Mutual inductance
) _uWM) B 001tpH ¢ -8.00x10" 0.09x10"°
between adjacent wires
Mutual inductance
between diagonally u(M>) B 0.011 uH ¢4 4.00x10*  0.04x10™
opposite wires
Capacitance between
] ] wWCy) B 0252pF 5 1.67x10°  4.21x10
wire and shield
Capacitance between
) ) wWC)) B 0.084pF ¢ -8.33x10° 3.67x10™°
adjacent wires
Capacitance between
diagonally opposite uC) B 0.043pF c¢; -5.00x10° 2.15x10™
wires
Terminal capacitance  w(C;) B 222fF  ¢g -1.00x10° 0.22x107°
External capacitance w(Cy) A 0.58 fF co -1.00x10*  0.06x10°
Combined standard
oG] 6.0x10™°

uncettainty

4. Conclusion

The time constant of the calculable AC resistor may be used as
the standard of the capacitor loss angle. To derive a loss angle
standard from the calculable time constant, we investigated
the time constant of the quadrifilar reversed resistor and
analyzed its calculation uncertainty. From the results, the
standard uncertainty in calculating the time constant of the
quadrifilar resistor can be estimated to be 6.0 X10%° s. Thus,
the standard of the capacitor loss angle in terms of the
calculable time constant will be achieved with the uncertainty
of the order of 1 in 106 rad at = 10* rad/s.
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