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Introduction

A Computer-aided Engineering; CAE \

Simulation model

Design J Numerical analysis

optimization Simulation result (Solid mechanics, heat transport,
fluid dynamics, etc.)

Capability of large-scale CAE depends on that of
solving partial differential equations (PDEs) of large-scale systems

Can a quantum computer accelerate CAE?
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Conventional approach

Forward simulation: PDE solver

Discretization
ou(t, x
gt ) — KVZU(t, x) - uS+1 — AuS

For spatial DOFs N, one needs to handle N X N sparse matrix,
which requires O(N) ~ O(N3) complexity (N~10° — 1019)
Design optimization: PDE-constrained optimization
min £ (u($))

6u(gtxi $) _ K(E)VAu(t, x; &)

Iteratively solve PDEs, updating design parameters ¢ to an
optimum

Explicit or implicit
time integration

subject to:

Solving PDEs as fast as possible is quite important!
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Classification of forward problems

Steady state Time evolution

‘Heat eq. Z—: =V-(kVT)+ Q

- Steady-state heateq. —V - (kVT) = Q 52e,
Linear | -Linear elasticeq. —V-o = f ‘Linear elasticwave eq. .- =V-o + f
. : i 2 2 — 2
Wave eq. in freq. domain (V- + k“)u =0 ‘Wave eq. in time domain f;t;c _ 22y

-Navier-stokes eq.

Non | - Steady-state Navier-Stokes eq. ou (- V)u = —Vp + uV%u

linear (u-V)u = -Vp + uv?u ot
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Hamiltonian simulation

Schrodinger equation

0p(t)
ot

= —iHY(t) PY(t) = e HE )y (ty)

Hamiltonian simulation

_iH(t— _ tum stat
() = e Dt W) gy quantom computer

transform PDEs of interest into the Schrodinger equation
We need to ,

implement e~ (t-t) on quantum computers

The first one is required for simulating classical physics!
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Hyperbolic PDE
O%u(t, x)

Quantum cir

e

— *V?u(t, x)

D

LI
[

Summary of our method

Hamiltonian simulation for hyperbolic partial differential equations by scalable quantum
circuits (Sato et al., published in Physical Review Research, 2024)
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Provided quantum circuits explicitly
Only be applied to conservative and homogeneous system
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Extension to non-conservative systems

Linear Combination of Hamiltonian Simulation for Nonunitary Dynamics with
Optimal State Preparation Cost (An et al., published in Physical Review Letters, 2023)

Extension of Hamiltonian simulation that is useful to solve ODEs

ou(t)

PP —(L(t) +iH)u(t), L'=L,H' =H

1

—i [S(H(s)+KL(s))ds
n(1+k2)Te 0 dk u(0)

— u(t) = jR

We proposed a quantum algorithm for linear PDE (sato et al.,PRApplied, 2025)

Oult, x ou(t,x
of@) 55 + ¢(a) 1

— V- k(x)Vu(t,z) + a(z)u(t,z) =0
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Classical-quantum hybrid approach

PDE-constrained optimization Conventional

approach /_\g\
mfm F(u(f)) { Optimizer J [ PDE solver J
ou(t, x; ~—
subject to: (at ) _ k(E)V?u(t,x; &) F,VeF

o

(Y*  Can a quantum PDE solver efficiently compute the objective function value?

@ Classical-quantum hybrid approach might require substantial overhead

because of the accumulation of measurement error at each optimization step.
(Catli, et al., arXiv:2502.04285v1, 2025.)

Is it possible to perform forward simulation and optimization
in a fully-coherent manner?
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Contributions

We propose a fully quantum algorithm for PDE-constrained optimization
Incorporating a quantum PDE solver and quantum optimization

1. We construct explicit block-encoding of the objective function using a
quantum PDE solver as its subroutine.
2. We provide the complexity analysis of the proposed method and discuss

whether quantum computers can accelerate design optimization.
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Concept of the proposed method

PDE-constrained optimization

min F(u({))

|"*.'"I’U> 7]

. du(t, x; &) )
subject to: 5 = k(& )V-u(t,x; &)
§
m
Gradient-based ‘ Forward simulation J
optimizer (Classical PDE solver)

Ve F\ /‘H( L;€)

Objective function evaluation
and gradient computation

Classical approach

QHD dynamics HS(F(u(t; €)))

Block-encoding e
of objective function F(u(t;€))

Forward simulation
(Quantum PDE solver)

I’Hr(t;f_))]

L) &~ lelwisn

Quantum approach (this work)
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Quantum Hamiltonian Descent

Quantum algorithm for continuous optimization based on quantum dynamics

min F(u($))

$€lo,
_ ou(t, x; &) 5

subject to: P = k(&)V-u(t, x; &)

( 1 o 02 "
H=-e™ ) —+eYF [F: Objective function as a potential term of Hamiltonian
2 16€ﬁ
M:
oPp(s) . | . .

Py —iHY(S) m————p  &* ~ (£]1P(s)) Measurement outcome is solution candidate

We need to implement time-dependent Hamiltonian simulation with
the objective function as a potential term
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Time-dependent Hamiltonian simulation

Time-dependent Hamiltonian

M
H =le_"s a—2+e1’51f'
2
2 =] 23
= A

Interaction picture simulation with truncated Dyson series (Better complexity)

1 vs re Vs 1. vs b
= —1F —i= —1)F 1. vs ~ . S / /
Hy = eV = 0™V () = e D gy MDAy )

Truncated Dyson series

Product formula (simplest implementation)
.1 —vs; VS i ~
U(sjs,5) = e 25 Msgmie”ifas —s [y(s)) = U(s,s — As) -+ U(As, 0)[1(0))

We need access to the objective function as a time evolution operator
—\We realize it by constructing block-encoding
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Block-encoding (BE)

Embed arbitrary matrix into a unitary matrix as a block matrix,
which enables us to access arbitrary matrix on a quantum computer

Block-encoding a matrix A into a unitary Uy,

a

A
Uy = (‘ *) a.normalization constant
* X

Another description (quantum computing convention)

A 1
(0| @ DUL(0) R ) = . Uyl0) ® |Y) = E@ X Alp) + L)

Postselection by auxiliary qubits
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Extended forward simulation

PDE constraint (ODE by spatial discretization)

du(t; )
ot

= —A(u(t;$)

Forward simulation of all parameters in superposition

oti(t)
ot

= —du) A=y [E)EI®AE)
3

2(0) = ) Yeld) ® [u(0) — () = ) $¢lé) @ llu(t; )l uct; )
$ $

ODE solver gives forward simulation results
of all parameters in superposition
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Extended forward simulation

m bit representation of ¢ Parameterization of A(§)
1 m
f = om _ 1 bzlg(b)zb_l A(E) — AO + Alg

Representation of 4

) 1 ~
A=ZI€)(€I®A(€)=I® ®Ao+2m_1;2b 1)1l ® 4y

With the BE of 4,,, we can construct BE of A by linear
combination of block encoded matrices
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Block-encoding of the objective function

2
F(u(®) = z (uj (T; St)) Assume that the objective function is a quadratic form
JEJ

BE of the objective function

Forward sim.
2
Oluelo) > T gy ur ooy + [1- PEEEOL ey )
Reflection \
2
S8 e - e ooy - [1-TEEE2L gy
N

Inv. of forward sim. and state prep.

- (ZDL ) oo+ o1

Diagonal block encoding of the objective function

i)k) j€Jandk =0
0 otherwise

Plj)k) ={
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Block-encoding of the objective function

Quantum circuit for block-encoding £ = z F(u(®))|E)E]
3

j.l'l‘f i)

-:’Cquad — Z ||Hj(T:, E)HE‘J

|{l}=’;:"i'll — g Uvrcus(A) Unens(A)! U:[n {[]|=’-':""’L JET
o) i | Fore = 9 [ (T5€) = tres 52,
I[]}'ﬁ'ﬂﬁpr ,-J r {“l 2o . } EJ
Initial state for  Forward Reflection for 0 state
PDE : : (marking domain of integration)
simulation

Gate complexity (under the assumption of strongly convexity) N: DOF of discretized PDE

Proposed method Conventional method T: Simulation time of PDE
1 142 =(1424d), 142 M: # of design parameters
3 d
6<deM T) ~<d L p) d: Spatial dim. of PDE
€ €

Our quantum approach is effective when N > M

£83[MBlQuantum CAEAR S, 2026/5/7,8 7L TOYOTA CENTRAL R&D LABS




Numerical experiment A

Parameter calibration problem of Black-Scholes equation

- v 2.2 921/ V. Option

ov ov. o078 ¢ _ s: Stock price _ _ 2

Ot t 78 s + 2  0s? v r: risk-free rate F(V(G)) = (V(9) ~ Vdara)
a: Volatility

Estimate volatility o from data of call option price V

(@5 (® 50 (©50
Forward solution

40 40 40 Data point
2 30/ 30! 30!
g
2 20+ 20¢ 20t
o

10 10} 10

% 20 40 60 %20 40 60 % 20 40 60

Stock price
Reference solution A Reference solution B Optimum solution
0 = Omin 0 = Omax 0 = Oppt
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Numerical Experiment B

Energy maximization

Material parameter optimization for acoustic system Impulse
FPw  ,0%w  w:Pressure F(W(c)) = —w(c)?
oz — @) 53 ¢ speed of sound 0 1

0
Optimize the material’s refractive index to maximize transmission of a left-incident wave into the
gray region on the right, with minimal loss.

(a) (b) - (c)
0.4} 1100 o4t 1+ 0.4}
0.3 1075 03} 0.3}
 m—
= 0.2 10.50 0.2+ 0.2f
& 1
- 0.1 10.25 0.1¢ 0.1
Y e S— 0.0} =Pt Lot 0.0}, , e
0 0 20 30 2% 0 10 20 30 %% 0 10 20 30 %90
Coordinate
Reference solution A Reference solution B Optimum solution
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Conclusions

We proposed a fully quantum algorithm for PDE-constrained optimization
Incorporating a quantum PDE solver and quantum optimization

1. We constructed explicit block-encoding of the objective function using a quantum
PDE solver as its subroutine.

2. We provided the complexity analysis of the proposed method, which suggests
that our quantum approach is effective when design optimization involves large-
scale PDE with modest design parameters.

Future work

 Forward simulation: Extension to nonlinear PDE
« Optimization: Extension to discrete optimization
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