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CAE

• PDE

• Conventional 𝐴x = b,   𝐴, b

•

•
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CAE

Q-CAE

|𝑥⟩ → 𝑥 𝑜𝑟 𝑓(𝑥)

|𝑥⟩ = 𝐴ିଵ|𝑏⟩

|𝑥⟩ = 𝑒ି௧௅|𝑏⟩

|𝑏⟩

|0⟩

P2: Algorithm & Oracles

アルゴリズムによる行列

PITE 

QLSA

P1: Quantum state preparation

初期値・境界値のベクトル P3: Readout

量子状態から古典情報抽出
or

Encoding Quantum computing Decoding

量子 古典

注目

𝝏𝒕𝒇 = 𝑳෠𝒇  𝑜𝑟  𝐿෠𝑓 = 𝑔
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𝜕௧𝑢(𝑡) + 𝐻෡𝑢(𝑡) = 0

•

𝑢 u𝑵

𝜕௧u𝑵(t) + 𝐻ேu𝑵(𝑡) = 𝟎.

• 𝑢଴, 𝑇, 𝑁, 𝜀 .

• |u𝑵(0)⟩ = u𝑵(0)/ u𝑵(0)  

|u෤𝑵(𝑻)⟩ . |u𝑵(𝑇)⟩ = u𝑵(𝑇)/ u𝑵(𝑇) .

•

𝑂 polylog𝑁 1/𝜀 ଵା௢(ଵ) .
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space discretization

uே = (𝑢଴, 𝑢ଵ, … , 𝑢ேିଵ)

𝑢଴ 𝑢ଵ 𝑢ଶ 𝑢ଷ

𝑢ସ 𝑢ହ 𝑢଺ 𝑢଻

𝑢଼ 𝑢ଽ 𝑢ଵ଴ 𝑢ଵଵ

𝑢ଵଶ 𝑢ଵଷ 𝑢ଵସ 𝑢ଵହ
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Probabilistic Imaginary-Time Evolution, PITE

• Exponential Integrator EI

• PITE 

• PITE Alternative Approximate PITE, AAPITE

AAPITE

•

•
× 𝐾

|0⟩

𝑇 = 𝐾∆𝜏
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※ 𝐾 = 𝑂(1/𝜀).

FSM

•

• FSM

𝐹ே 𝐷ே
(ଵ)

, 𝐷ே
(ଶ)

, 𝑉ே .

• AAPITE 

•

[Huang et al. QIP ’25]   ⟹ 𝑂 polylog𝑁 1/𝜀 ௢(ଵ) .

※ FSM FFT
 𝑂 𝑁log𝑁 1/𝜀 .

AAPITE1 AAPITE2

× 𝐾
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Qiskit

1D 
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∆𝜏 = 0.0005, 𝐾 = 200

𝑁 = 256

𝑁 = 512

2D 𝑁 = 16 × 16, 𝑁௙ = 128 × 128, ∆𝜏 = 0.0025, 𝐾 = 40

𝑡 = 0 𝑡 = 0.02 𝑡 = 0.04 𝑡 = 0.06 𝑡 = 0.08 𝑡 = 0.1 𝑉 = 0

𝑉 = 10

FSM 128 × 128 16 × 16

∆𝜏 (𝐿/𝑁)ଶ

𝑁

D
ep

th
#C

N
O

T

𝑂(𝑁)

𝑂(𝑁)

𝑡 = 0.005 𝑡 = 0.05 𝑡 = 0.1
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2D 

≈ 0.81. ≈ 0.26.

𝑇



1D 
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2D 

≈ 0.81. ≈ 0.26.

𝑇
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∆𝜏 = 0.0005, 𝐾 = 10, 100, 2001D 

as 𝑁 → ∞

FSM ∆𝜏 𝐿/𝑁
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Exponential Integrator(EI)           ℎ଴ 𝑦 ≔ 𝑒ି௬ = 1 − 𝑦 + 𝑦ଶ/2 + 𝑂 𝑦ଷ , 
Backward Euler(BE)                    ℎଵ 𝑦 ≔ (1 + 𝑦)ିଵ= 1 − 𝑦 + 𝑦ଶ + 𝑂 𝑦ଷ , 

AAPITE ℎଶ 𝑦 ≔ cos 2𝑦 = 1 − 𝑦 + 𝑦ଶ/6 + 𝑂 𝑦ଷ , 

APITE(𝑚଴ = 0.9)                       ℎଷ 𝑦 ≔ cos arccos 0.9 +
଴.ଽ௬

ଵି଴.ଽమ
/0.9 = 1 − 𝑦 − 81𝑦ଶ/38 + 𝑂 𝑦ଷ .

𝑦 ~ ∆𝜏 𝐻ே



QLSA

• QPE-based QLSAs = HHL(Harrow-Hassidim-Lloyd) algorithm  [Harrow et al. PRL ’09]

• QSVT-based QLSAs [Gilyen et al. STOC 2019 ’19]

• Time-sequential QLSAs (BE-QLSAs)                                     e.g. [Ingelmann et al. ’24]

One-shot QSVT-based QLSAs  e.g. [Krovi Quantum ’23]
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PDEs

𝑂 𝑁(ௗାଵ)/ௗ log 1/𝜀𝑂 𝜅 𝑁 log 1/𝜀
Sparse CG  e.g.
[Saad SIAM ’03]

𝑂෨ 𝑁ଶ/ௗ polylog 1/𝜀𝑂 𝜅 polylog𝑁 polylog 1/𝜀
QLSAs  e.g.
[Krovi Quantum ’23]

※ 𝑁 𝑑 .

PDE .

.  

𝑁: ,  𝑑: ,  𝜅: ,  𝜀: 

|𝑥⟩ = 𝐴ିଵ|𝑏⟩

𝜅 = 𝑂 𝑁ଶ/ௗ
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• ∆𝜏

•

•

𝑂 polylog 𝑁 (1/𝜀)௢(ଵ)𝑂෨ 𝑁ଶ/ௗ polylog 1/𝜀

𝑝 = 𝑂(𝜅log 1/𝜀 )
𝑂 𝑝ଶ



QLSAs 
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※ The current QLSAs have 𝑂 𝑁ଶ/ௗ parameters, 
whose classical calculations need complexity Ω 𝑁ଶ/ௗ .

[Saad SIAM ‘03]

[Harrow et al. PRL ’09,
Krovi Quantum ‘23]

[Kosugi et al. PRR ‘22]



• QLSA HHL PITE 𝑵 . 

• AAPITE .

• FDM, FEM . 
FSM AAPITE Suzuki-Trotter .
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• .  

• . e.g. (viscous) Burgers’ equation. 

• FEM .



• (Main manuscript) X. H., H. Nishi, T. Kosugi, Y. Kawada, Y. Matsushita. A probabilistic imaginary-time evolution 
quantum algorithm for advection-diffusion equation: Explicit gate-level implementation and comparisons to quantum 
linear system algorithms. Preprint. arXiv:2409.18559v2

• (HHL algorithm) A.H. Harrow, A. Hassidim, S. Lloyd. Quantum algorithm for linear systems of equations. Phys. Rev. 
Lett. 103, 2009, 150502. https://doi.org/10.1103/PhysRevLett.103.150502

• (Sparse CG method) Y. Saad. Iterative methods for sparse linear systems. Second edition. SIAM, 2003. 
https://doi.org/10.1137/1.9780898718003

• (One best-order QLSA) H. Krovi. Improved quantum algorithms for linear and nonlinear differential equations. 
Quantum 7, 2023, 913. https://doi.org/10.22331/q-2023-02-02-913

• (Diagonal unitary matrices) X. H., T. Kosugi, H. Nishi, Y. Matsushita. Approximate real-time evolution operator for 
potential with one ancillary qubit and application to first-quantized Hamiltonian simulation. Quantum Inf. Process. 24, 
2025, 85. https://doi.org/10.1007/s11128-025-04697-7
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